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| We study the chiral primary rings of N = 2 and N = 4 supercon- 

■ formal algebras (SCA) constructed over triple systems. The chiral 
' primary states oi N — 2 SCA's realized over hermitian Jordan triple 

systems are given. Their coset spaces G/H are hermitian symmetric 
which can be compact or non-compact. In the non-compact case un- 

■ der the requirement of unitarity of the representations of G we find an 
I ' infinite discrete set of chiral primary states associated with the holo- 

^H. morphic discrete series representations of G and their analytic contin- 

f-H | uation. Further requirement that the corresponding N — 2 module 

be unitary truncates this infinite set to a finite subset. There are 
. no chiral primary states associated with the other unitary represen- 

. tations of non-compact groups. Remarkably, the only non-compact 

?H ' groups G that admit holomorphic discrete series unitary representa- 



tions are such that their quotients G/H with their maximal compact 
subgroups H are hermitian symmetric. The chiral primary states of 
N = 2 SCA's constructed over the Freudenthal triple systems are also 
studied. These algebras have the special property that they admit 
an extension to N — 4 superconformal algebras with the gauge group 
SU{2) ® SU(2) ®U(\). We then generalize the concept of chiral rings 
to these maximal N = 4 superconformal algebras. We find four dif- 
ferent rings associated with each sector (left or right moving). If one 
includes both sectors one gets 16 different rings. We also show that 
our analysis yields all the possible rings of N = 4 SCA's. 

*Work supported in part by the National Science Foundation under Grant Number 
PHY-9108286. 

E-Mail: GXTOPSUVM or Murat@PSUPHYSl.PSU.EDU 



1 



1 Introduction 



Extended superconformal algebras have been studied extensively in recent 
years. They find fundamental applications in superstring theories Q , inte- 
grable systems Q , topological field theories ||] and in the study of critical 
phenomena. For example the classical vacua of string theories are described 
by conformal field theories. In particular, the heterotic string vacua with 
N = 1 space-time supersymmetry in four dimensions are described by "in- 
ternal" N = 2 superconformal field theories with central charge c = 9 B 
which have been studied in [||, ||, [7|, ||, [| using coset space methods [1C]. 
On the other hand, the N = 2 space-time super symmetric vacua of the het- 
erotic string are described by an internal superconformal field theory with 
four super symmetries [11|. 

The rings of chiral primary operators || play a central role in the un- 
derstanding and applications of N = 2 superconformal field theories. In ||] 
a deep connection between the cohomology rings of Calabi-Yau manifolds 
and the rings of chiral primary fields of N = 2 superconformal theories with 
c = 9 was established. The existence of two different rings associated with 
a given (2,2) superconformal theory led to the idea of mirror symmetry of 
Calabi-Yau manifolds and its natural generalization to other complex man- 
ifolds 1 12]. Furthermore, the chiral primary states of N = 2 superconformal 
algebras turn out to be the only physical states of topological field theories 
that are obtained by the twisting of the corresponding N = 2 superconfor- 
mal theories [|13|| . In this paper we shall study the rings of chiral primary 
operators of extended superconformal algebras (N = 2 and iV = 4). The 
chiral rings of N = 2 superconformal algebras (SCA) were introduced and 
studied in a Cartan-Weyl basis of the underlying current algebras in [||. Our 
treatment of the chiral rings of of N = 2 SCA's will use their realization 
over triple systems [|l4| , [i~5| , [l6|| . After reviewing the necessary background we 
study the chiral (anti-chiral) primary operators of N = 2 SCA's constructed 
over hermitian Jordan triple systems which correspond to their realization 
over hermitian symmetric spaces G/H that may be compact or non-compact. 
We give a complete characterization of the chiral primary states both in the 
compact and the non-compact cases. In the non-compact case under the 
requirement of unitarity of the representations of G at every level we find 
an infinite discrete set of chiral (anti-chiral) primary states associated with 
the holomorphic (anti-holomorphic) discrete series representations of G and 
their analytic continuation. However, the requirement of unitarity of the 
N = 2 module truncates this infinite discrete set to a finite subset. The uni- 
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tary representations of the noncompact groups outside the holomorphic (or 
anti- holomorphic ) discrete series representations and their analytic contin- 
uation do not lead to any non-trivial chiral (or anti-chiral) primary states. 
Remarkably , the only non-compact groups G that admit holomorphic (anti- 
holomorphic) discrete series representations are those whose quotient G/H 
with their maximal compact subgroups H are hermitian symmetric. A finite 
set of purely "fermionic" chiral primary states exist in both the compact and 
the non-compact cases. Next we study the chiral primary states in N = 2 
SCA's constructed over Freudenthal triple systems (FTS). The N = 2 SCA's 
constructed over FTS's have the very special property that they allow an 
extension to N = 4 SCA's with the gauge group SU{2) ® SU{2) ® £7(1) 
JX5] , |l6[ ] . In the second part of the paper we generalize the concept of chiral 
(anti-chiral) rings to these maximal N = 4 SCA's. We find that the natural 
extension of the concept of a chiral ring to N = 4 SCA's leads to four dif- 
ferent rings associated with each sector (left or right moving). If we include 
both sectors we find sixteen different rings. We also show that our analysis 
yields all the possible rings of N = 4 SCA's. Throughout the paper we use 
the Neveu-Schwarz moding. However, our results can easily be carried over 
to the Ramond moding using spectral flow. 

2 Construction of iV = 2 Superconformal Algebras 
over Jordan Triple Systems 

In this section we shall review the construction of N = 2 superconformal 
over Jordan triple systems [14| and reformulate it in such a way as to make 



it easier to relate to the coset space methods that use the Cartan-Weyl basis 
for Lie algebras. Consider a 3-graded Lie algebra g: 

9 = 9' 1 ®9°eg +1 (2-1) 

where © denotes vector space direct sum and g is a subalgebra of maximal 
rank. We have the formal commutation relations of the elements of various 
grade subspaces 

[g m ,g n ]Qg m+n ;m,n = -1,0,1 (2-2) 

where g m+n = if \m + n\ > 1. Every simple Lie algebra with such a 
3-graded structure can be constructed in terms of an underlying Jordan 
triple system (JTS) V via the Tits-Kantor-Koecher (TKK) construction 
[ji~7f . This construction establishes a one-to-one mapping between the grade 
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+1 subspace of g and the underlying JTS V: 

U a £g^aeV (2-3) 

Every such Lie algebra g admits a conjugation (involutive automorphism) 
f under which the elements of the grade +1 subspace get mapped into the 
elements of the grade —1 subspace. 

U a = U\ e g- 1 (2 - 4) 

One then defines 

Pa,U b ]=S b a 

(2-5) 

where S b E g° and (abc) is a triple product under which the elements of V 
close. Under conjugation t one finds 

(S b J = S% 

(2-6) 

[S b , U c ] = -U^ 

The Jacobi identities in g are satisfied if and only if the ternary product 
(abc) satisfies the defining identities of a JTS: 

(abc) = (cba) 

(2-7) 

(ab(cdx)) — (cd(abx)) — (a(dcb)x) + ((cda)bx) = 

The elements S b of the grade zero subspace form a subalgebra which is called 
the structure algebra of V : 

[S b a , S d c ] = Sf abc) - St d) = - S\ cda) (2 - 8) 

Consider now the affine Lie algebra (current algebra) g defined by g. 
The commutation relations of g can be written as operator products in the 
basis defined by the underlying JTS: 

Ua(z)U\ W ) = ^ + 

S b (z)U c (w) = T -L- ) U {abc) + --- 

(2-9) 

S b (z)U c (w) = I ^L y ^-) + ... 

S b a (z)S?W = ^ + ^{Sl abc) -St d) }(w) + .-- 
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where k is the level of g and E^5 are the structure constants of the JTS V: 

U {abc) = T^U d (2 - 10) 

We choose a basis for the JTS such that the structure constants satisfy 

(2-11) 

where g is the dual coxeter number of the Lie algebra g. We introduce 
complex Fermi fields labelled by the elements of V that satisfy 

(2-12) 

Mz)Mw) = V{z)^ b {w) = + • • • 

The supersymmetry generators defined by the following bilinears of the 
fermions and the currents labelled by the elements of V 



(2 - 13) 



generate an N = 2 SCA Q 



(z — J (z — w) z (z — ui) 

with central charge 

3kD 

c=T, ^ ( 2 - 15 

(k + g) 

where D is the dimension of the JTS V. The Virasoro generator T(z) and 
the U(l) current J(z) of the N = 2 SCA are given by 

T(z) = Jj^{\{U a U a + U a U a ) - l^adr + rd^a) + S b a ^ b }{z) 

(2 - 16) 

X A11 local composite operators with a single argument are assumed to be normal or- 
dered. Our conventions for normal ordering are the same as those of reference (l8|. 



5 



Note that S% is the trace of the structure algebra of V. 

If we denote the groups generated by the Lie algebra g and its subalgebra 
g° as G and H, respectively, then it can be shown that the above realization 
of N = 2 SCA's over JTS's is equivalent to their construction over the 
symmetric spaces G/H [Q. A JTS is called hermitian if it can be given 
the structure of a complex vector space such that the triple product (abc) 
is linear in the first and the last arguments and anti-linear in the second 
argument. The coset spaces G/H corresponding to hermitian JTS's are 
hermitian symmetric spaces. The complete list of simple hermitian JTS's 
includes four infinite families and two exceptional ones [19j. In the above we 



implicitly assumed that we are working with JTS's underlying compact Lie 
groups. To obtain the realizations of N = 2 SCA's corresponding to non- 
compact symmetric spaces G/H where H is the maximal compact subgroup 
of G one needs simply to replace the ternary product [abc) of the compact 
case by its negative —(abc). This introduces an overall minus sign in the 
signatures of the Killing metric associated with the coset space generators. 
The central term of the current algebra g must then be taken as —k times 
the Killing metric in order for the contribution to the central charge from the 
non-compact generators to be positive for positive k. This is then equivalent 
to replacing the dual coxeter number g by its negative in the expression 
for the central charge. Therefore the central charge for the non-compact 
realization of N = 2 SCA's is g §, @] 

3kD 

(2 - 17) 



(k-g) 

The realization of iV = 2 superconformal algebras over non-compact coset 
spaces were studied in ||, [| and the cohomology of non-compact coset mod- 
els in pOf . Let us now reformulate the above construction so as to relate 
it to the one given by Kazama and Suzuki [fffl. We first note that the the 
quadratic Casimir operator of the compact Lie algebra contructed over a 
JTS, in our normalization, is given by 

C 2 = \{U a U a + U a U a ) + ^S b a S a b (2 - 18) 

Again to obtain the Casimir operator of the non-compact Lie algebra with 
maximal compact subalgebra g° one needs simply to replace the dual Coxeter 
number g by its negative. The following fermion bilinears 

S b a = -X%rMz) (2 - 19) 
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generate the current algebra isomorphic to tf 

hY bd Sf.Jw) ^ 6ad V„A 
S b a (z)S d c (w) = + J&±> - + ... (2 - 20) 

(z — w) z [z — w) {z — w) 



(2 - 22) 



By the symmetric space theorem of [|2l| one can rewrite the bilinears in the 
currents S b as bilinears in the fermions 

^S b S^(w) = -m a d^a + ipadr){w) (2 - 21) 

where the factor i on the left hand side follows from our normalization of 

a 

the generators. Using these results we can write the term S b i^°"ilJb{z) that 
appears in the expression for T{z) as 

s b a rM*) = -lg(s b a + s b a )(S2 + S2)( z ) 

+ ^S b Sg(z) ~ f OWa + tpadr)(z) 

where we used the identity 

s£fl3 = gs b (2 - 23) 

Substituting this in the expression for T(z) we obtain 

T W = v ^{h(u a u a + u*u a ) + ^s b a ssKz) 

-(kk)(k^ S " + + (2 - 24) 

-\{^ a dr + rd^ a }{z) 

which shows that it is precisely the Virasoro generator associated with the 
coset space 

G * xSQl ^) (2 - 25) 

Hk+g-h 

,thus agreeing with Kazama and Suzuki 0]. 
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3 Chiral Primary States of N = 2 Superconformal 
Algebras realized over Hermitian Jordan Triple 

Systems 

In the Neveu-Schwarz moding the generators of iV = 2 SCA's realized over 
the Hermitian Jordan triple systems are given by 



T n = ^{^Em : {U( n _ m }U arn + f7 a (n-m)^m) : 

+ | E S (S + |) = ^ a (n-s)Vs + Vf n _ s )V>as) : + Em,s ^(n-m) : ^ms^bs ■} 
m, n, ... = 0, ±1, ±2, ... 
r s = ±i + - 

i , o, ... _i_2)- 1 -2'" - 

(3-1) 

The primary states \h,q) of the N = 2 SCA are defined by the conditions 

T \h,q) = h\h,q) 

J \h,q) = q\h,q) 

(3-2) 

T n \h,q) = J n \h,q) =0, n > 

G r \h,q) = G r \h,q) =0, r > 
The chiral primary states satisfy the additional condition 

G_i\h,q)=0 (3-3) 

2 

which implies that || 

* = | (3-4) 
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On the other hand, the anti-chiral primary states satisfy 

G_i\h,q) = 0^h = -- (3-5) 
2 2 

In order to identify the chiral and anti-chiral primary states let us write the 
operators To, Jo, G , i , G , i in a more explicit form 

31 2 31 2 

To = (fc+g) Em : {Ul m U am + £4(-m)^m) : 

J o = ^{5S) + feE s >o*: =} 

g ± i = sP^{m a{ ±\) + E„> (p:t (± i_ n) + tc.^^ 

(3-6) 

As is standard in the literature we shall use the term "vacuum representation 
of g" to refer to the states belonging to a highest weight representation that 
are annihilated by all the positive mode generators of g and that form a 
representation of g. The components of the vacuum representation of g 
that are annihilated by the grade +1 operators U a Q are chiral primary since 



ro|n> = 3^5Sb|n> = a^|n) 

(3-7) 

where p is the eigenvalue of the trace current S% of the structure algebra on 
the state Let |0) denote the tensor product of the Fock vacuum with 
the scalar vacuum representation of g. It satisfies 

i/#\0) =Var|0) =0, r>0 

(3-8) 

C7 an |0) = C/»|0) = 0,n>0 

2 Note that the generators of the N = 2 superconformal algebra act on the tensor 
product of the Fock space of the fermions and the representation space of the affine Lie 
algebra g. Therefore the state represents the tensor product of the Fock vacuum with 
the state of the vacuum representation of g. 
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Then the states of the form 

|ai,...,a JV )=V! 1 i---^|0> (3-9) 

2 2 

are all chiral primary. The eigenvalues of To and Jo are 
T |ai, ...,ajv) = 2(k+g) l Q i> •••> Q A f ) 

(3 - 10) 

J |ai, ...,ajy) = ^pgy|ai, ...,ojv) 

As for the anti-chiral primary states they are of the form 

|oi,...,ojv) =V ol( _i)-"V' Ojv (_i)|0> (3- 11) 

or of the form |f2) which are states belonging to the vacuum representation 
of g annihilated by the grade —1 generators U a0 

u a0 \n) = o (3-12) 

For the anti-chiral primary states we find 

Top) = Essoin) = ^in) 

(3-13) 

T \ai, ...,ajy) = 2(fc+g) l Q i> •••' Q A f ) 

Jo|ai, ...,ajy) = ^jpy |qi, ajv) 

Note that the eigenvalues of the trace operator S^q on the states \Q) and 
are non-negative and non-positive, respectively. 

The unique chiral and anti-chiral primary states with h = | are obtained 
by the action of D copies of the fermion operators ^% and V'o(-i) on tne 
Fock vacuum 

l fc = 2$¥sJ>9 = IF§y) = |oi,--,or>) 

(3-14) 

1^ = 2$kl'Q = ~iF§y) = |oi,-,ai>) 

and are annihilated by G_3 and G_3, respectively. The additional chiral 

2 2 

primary states are obtained by tensoring the anti-chiral primary states |f2) 
with the unique chiral primary state |oi, ...,od) 

ai, ...,od) = |^) ® |ai, ...,cld) (3 - 15) 
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They satisfy 



To\n,a 1} ...a D ) = 2 (k+g) { S 2o + kD}\Q,ai, ...a D ) = ^ + ^ \n,ai,...,a D ) 
J |O,ai, ...,a D ) = jA^r{S^ + kD}\n,ai,...,a D ) = tex^ p, ai, aj>) 



(3 - 16) 



where we used the fact that 

^" iVv±^l a i> -) q -d) = 5 6 l°i> -jOd) (3 - 17) 

2 y 2> 

The corresponding anti-chiral primary states are obtained by tensoring the 
states \Q) with the unique anti-chiral primary state \a\, old) which satisfy 

T |O,ai, ..,a D ) = ^~^ |n,ai, ...,az?) 

(3 - 18) 

J \Q,,ai, ...,a D ) = ^ l^ffli,...,^) 

Let us now try to extend the above results to the case when the affine 
Lie algebra g is non-compact. It is known that the non-compact affine Lie 
algebras do not admit any non-trivial unitary representations of the highest 
weight type. The only known method for constructing unitary theories over 



them appears to be the coset space method ]10|, g, |9|, |20| . For non-compact 
groups G the relevant coset space is G/H where H is the maximal com- 
pact subgroup of G. However, all such coset spaces are symmetric spaces. 
Furthermore, the requirement that the unitary realization of the Virasoro 
algebra admit extension to iV = 2 supersymmetry implies that G/H must 
be Kaehlerian . The irreducible non-compact Kaehlerian symmetric spaces 



are precisely the non-compact Hermitian symmetric spaces [22]. Therefore 
in the non-compact case we need only to restrict ourselves to the N = 2 
SCA's realized over the Hermitian Jordan triple systems. The formalism we 
developed is very well suited for studying the non-compact case in complete 
analogy with the compact case. Of course there are many novelties and 
subtleties that have to be taken into account in the non-compact case. We 
shall start our discussion by assuming that the only representations of G 
of physical relevance are unitary representations. This is a necessary con- 
dition for a unitary realization of the super confer mal algebra. However, it 
is by no means sufficient. In fact , it is not even sufficient for unitarity of 
the representations of the affine Lie algebra g. Now for non-compact G the 
generators U a and U a of grade +1 and —1 are the non-compact generators. 
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As was apparent in the discussion of the compact large class of chi- 

ral (anti-chiral) primary states were defined by those states in the vacuum 
representation of g that are annihilated by the grade +1 (—1) operators 
U a o(U a0 ). By our assumption the vacuum representation of g is a unitary 
representation of g. However, in general a unitary representation of a non- 
compact Lie algebra g does not contain any states that are annihilated by 
all the U a o or all the U a0 . This happens precisely when the Lie algebra g (or 
rather the non-compact group G corresponding to it) admits holomorphic 
or anti-holomorphic unitary representations belonging to the discrete series 
or its analytic continuation [23|. Remarkably , the necessary and sufficient 



condition for the existence of such representations is that the quotient space 
G/H be hermitian symmetric, where H is the maximal compact subgroup 
of G. For each such G there exists a discrete infinity of holomorphic and 
anti-holomorphic unitary representations. They can be realized over the 
Fock spaces of a set of bosons transforming in a certain representation of its 
maximal compact subgroup H and have been studied extensively over the 



last decade in the physics literature §24\. 



As in the compact case let us denote by |f2) and the states belonging 
to the vacuum representation that are annihilated by U a o and U a0 , respec- 
tively. Then the chiral primary states are of three types 

i) |0) 

it) \a u ...a N ) ,N = 1,...,D (3-19) 

Hi) Oi, od) 

The eigenvalues of Tq and Jq on these states are 
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T \ai, . . . , a n ) = 2 {k-g) l a i> • • • ' a «) 

T I \ I \ 

Jo|«i, • • • , a n ) = l Q l' ' • • ' ° n / 

T |O, ax, . . . , a/?) = 2(^-1) l^i a i) • • • 



(3 - 20) 



Jq\VL, ai, . . . , Od) — 2 fc ^_?- ) ai, . . . , ao) 

where the states \Q) and |0) belonging to the vacuum representation of g 
satisfy 

u a0 \n) = o 

(3 - 21) 

W> = o 

and 

s a a0 \n)= P \n) 

(3 - 22) 

S a Jti) = -p\Cl) 

The possible eigenvalues p and p of 5° on the states \Q) and can be 



read off from the results of 24] for G = SU(m,n), SO*(2n), or Sp(2n,lZ). 
The same methods can be extended to the cases of SO(n,2), Eq(— 14), and 
Ej{—2b) so as to determine the possible eigenvalues of S% on the states 
and In p||], the states |Q) (|f2)) that transform in an irreducible 
representation of the maximal compact subgroup H were called the ground 
states of a highest (lowest) weight unitary irreducible representation of G. 
Thus the necessary requirement that only the unitary representations of the 
non-compact group G be admitted leads to an infinite set of chiral (anti- 
chiral) primary states of the N = 2 SCA. However if we further impose the 
condition 

0<h<- (3-23) 
6 

that follows from the unitarity of the N = 2 module || we are restricted to a 
finite subset. We should note that the purely fermionic chiral (or anti-chiral) 
primary states \a\, . . . , ajv) • • • , a/v)) & U satisfy the bound h < |, just 
as in the compact case. 
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4 The Chiral Primary States of N = 2 Supercon- 
formal Algebras constructed over Freudenthal 
Triple Systems 

The exceptional Lie algebras G2,F^ and Eg do not admit a TKK type con- 
struction over a Jordan triple system . A generalization of the TKK con- 
struction to more general triple systems was given by Kantor j25| . All finite 
dimensional simple Lie algebras admit a realization over the Kantor triple 
systems (KTS). The Kantor 's construction of Lie algebras was further devel- 
oped and generalized to a unified construction of Lie and Lie superalgebras 
in |2q ]. This construction proceeds as follows. 

Every simple Lie algebra g admits a 5-grading (Kantor structure) with 
respect to some subalgebra g° of maximal rank |26|| : 

9 = g~ 2 ®9~ l ®9° ®g +l ®g +2 (4-1) 

One associates with the grade +1 subpace of g a triple system V and 
labels the elements of g +1 subspace with the elements of V [25, E3J: 



U a G 9 +1 a G V (4-2) 

Every simple Lie algebra g admits a conjugation under which the grade +m 
subspace gets mapped into grade — m subspace: 

U a = U$ G g- 1 U a G g +1 (4 - 3) 

One defines the commutators of U a and U b as 

[U a ,U b ]=S b a eg° 



[U a , U b ] = K ab G g+ 2 
[U a ,U b ] =K ab G g- 2 
[S b a ,U c ] = U iabc) eg +1 



(4-4) 



where (abc) denotes the triple (or ternary) product under which the ele- 
ments of V close. The remaining non-vanishing commutators of g can all 
be expressed in terms of the triple product (abc). The Jacobi identities of g 
follow from the following defining identities of a KTS [p5|, 26] 



(ab(cdx)) - (cd(abx)) - (a(dcb)x) + ((cda)bx) =0 (4-5) 
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{(ax(cbd)) - ((cbd)xa) + (ab(cxd)) + (c(bax)d)} - {c «-► d} = (4-6) 

In general a given simple Lie algebra admits several inequivalent such con- 
structions corresponding to different choices of the subalgebra g° and differ- 
ent KTS's. 

The construction of N = 2 superconformal algebras over KTS's was 



given in [15, 16]. The realization of N=2 SCA's over the KTS's is equivalent 
to their realization over the coset spaces G /H where G and H are the groups 
generated by g and g°, respectively. 

One can extend the study of the chiral primary states of N = 2 SCA's 
associated with hermitian JTS's to their realization over the more general 
KTS's. However , in this paper, we shall restrict our analysis to a very 
special subset of KTS's, namely the Freudenthal triple systems (FTS). In 
Jl5| , |i~6fl it was shown that the N = 2 SCA's constructed over Freudenthal 
triple systems can be extended to = 4 SCA's with the gauge group 
577(2) x SU{2) x U(l) . The FTS's were first introduced by Freudenthal 



in his investigations of the geometry of the exceptional Lie groups [27] and 



studied in great detail later [28, 29, 3C, |31J. There exists a one- to-one 



correspondence between simple FTS's with a non-degenerate bilinear form 
and finite dimensional simple Lie algebras . For every simple Lie algebra 
g constructed over a Freudenthal triple system the grade ±2 subspaces are 
one dimensional (except for SU (2) for which the grade ±2 subspaces vanish). 
They generate an SU{2) subalgebra of g . Furthermore, there is a universal 
relationship between the dimension D of a FTS and the dual coxeter number 
9 of g : 

9 = f + 2 (4-7) 
Every FTS admits a symplectic form f2 a & such that the elements K a i ) (K ab ) 



of the grade +2(— 2) subspaces can be represented as [15. 16] 

K a b = &abK + 
R ab = Qab R + 

Q ab is the inverse of the symplectic form 



(4-8) 



ab 



(4-9) 



a,b,.. = l,2,....,D 
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For FT systems the expressions for the generators of N = 2 SCA take 
the form [15, 16 1 



G{z) = yf^iUaV + - (4-10) 

G(Z) = J^ g {U^ a +K^ + -\^M+}{ Z ) (4-11) 



T(z) 



T^ g {\{U a U a + U a U a ) + \(K + K + + K+K, 



fe+l 



(4 - 12) 



■/(*) = r^^H^ + + l)^Va -(*:-» + 2)^ + }(z) (4 - 13) 
k + 5 (5-2) 

where f7 a (2), .K+(z) ,..etc represent the various graded subspaces of the cur- 
rent algebra g . The fermionic fields ?/>+ and vp + are associated with the 
grade ±2 subspaces of g and satisfy 

^+(sty + ( w ) = _L_ + ... (4-14) 
(z — it?) 

The central charge of the N = 2 SCA defined by a FTS is 

6(fc + l)(3-l) _ 



+ 



(4 - 15) 



where is the level of 5 and g is the dual coxeter number. The above real- 
ization of N = 2 SCA's over the simple FTS's correspond to the following 
coset spaces of simple Lie groups 16] 
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G/H 


5 


SO(n)/SO(n - 4) x 517(2) x [7(1) 


n - 2 


SU{n)/SU(n - 2) x [7(1) 


n 


Sp{2n)/Sp{2n - 2) x [7(1) 


n+l 


G 2 /SU(2) x [7(1) 


4 


F 4 /5p(6) x [7(1) 


9 


E 6 /SU(6) x [7(1) 


12 


Er/SO(12) x [7(1) 


18 


£ 8 /£ 7 x [7(1) 
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The states \Q) belonging to the vacuum representation of g that are 
annihilated by U a o 

U a0 \n) = (4-16) 

are all chiral primary. (Note that the above condition implies also that 
K + q\Q) = 0). The corresponding h and q values are 



1 p(g - 1) 

h = —q = — — ^ 

2 q 2(k + g)(g-2) 



(4 - 17) 



where p is the eigenvalue of on the state The corrresponding anti- 
chiral primary states \Q) are those states belonging to a highest weight 
representation g that are annihilated by all the positive mode generators of 
g and that satisfy 



Their h and q values are 



h 



p{g - 1) 



2(k + g){g 



(4 - 18) 



(4 - 19) 



where we denoted the eigenvalue of S^o on 1^) as ~P- Again the eigenvalues 
p and —p of 5*0 can be calculated rather simply for all the cases by using 



the methods of references [24]. 

To discuss the purely fermionic chiral primary states simply we choose 
a basis for the FTS such that 



n A ,B = A,B,.. = 1,2,..., § 

V AjB+ d = 6a,b 



(4 - 20) 
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Then the states of the form 



and the state 



\A 1 ,A 2 ,...A N )=^\^\...^\0) 

5 1 " 5 (4-21) 

N = 1 2 — 



^+(-1)10) ( 4 - 22 ) 



are all chiral primary and have the q eigenvalues (^pgj- and ; respec- 

tively. Again the state |0) represents the tensor product of the Fock vacuum 
with the scalar vacuum representation of g. The unique chiral primary state 
with h = | is 

\a u ....,a D ,s)=r\---^ a _ D ^\\ Q ) ( 4 -23) 

2 2 2 

Tensoring this state with the states \Ct) belonging to the vacuum represen- 
tation of g that are annihilated by Uq we obtain additional chiral primary 
states 

\n,ai,...,a D ,s) (4-24) 

with the h values 

h= C -- (4 . 25) 

The corresponding anti-chiral primary states are simply ai, ao, s). 

We should note that the non-compact analogs of the coset spaces G/H 
where H is the maximal compact subgroup of G associated with FTS's do 
not exist as these spaces are not symmetric spaces. 



5 The Chiral and Anti-Chiral Rings in N = 4 Su- 
perconformal Algebras 

The unitary representations of the maximal N = A superconformal algebras 
[j32| , |33| were studied in and their characters in [j35f| . The maximal 
N = 4 SCA has 4 supersymmetry generators, 4 dimension i operators, and 
SU(2) x SU(2) x C/(l) local gauge symmetry generators. Our aim is to 
generalize the concept of chiral (anti-chiral) rings to the maximal N = 4 
SCAs. Following [34], let us denote the supersymmetry generators as G + , 
G~, G +K , and G~ K , the two SI/(2) currents as A +i and (i = 1,2,3) 
, the U(l) current as W and the four dimension \ operators as Q + , Q~ , 
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Q + , and Q . We shall work in the N-S moding and assume the following 
hermiticity properties 

t\ = r_ n 

(G+)t = GI S ; (G+*)t = Glf 

(A+*)t = 4* ; (A-*)t = ^ ( 5 - 26) 

(Q+)t = _Q Ir; (Q+*)t = 

where m, n, . . . = 0, . . . and r,s = qpi, =f|, .... The central charge of 
the iV = 4 SCA is given by 



where k + and are the levels of the two SU(2) currrents and k = k + + k . 
The highest weight state \h, £ + , i~ , it) of a unitary representation of the 

3 Note that SU(2) x 5(7(2) x (7(1) current generators are hermitian. In [H they were 
taken as anti-hermitian. 
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N = 4 SCA is defined by the conditions 

T n \h,£ + ,£-,u) = A^\h,£ + ,£-,u) = W n \h,£ + ,£-,u) =0, n > 

G+\h,£+,r,u) = G-\h,£ + ,£-,u) = 
G+ K \h,£ + ,£-,u) = G- K \h,£ + ,r,u) = 0, r > 
Q+\h,£+,£-,u) = Q-\h,£+,£-,u) = 
Q+ K \h,£+,£-,u) = Q- K \h,£+,£-,u) =0, r > 
A+ + \h, £+,£-, u) = A + \h,£+,£-,u) = 
T \h,£ + ,£-,u) = h\h,£ + ,£-,u) 
(ApA+)\h, £+,£-,u} = £+(£+ + l)\h, £+,£-, u) 
(A?A£)\h,t+,t-,u) =£'(£- + l)\h,£ + ,£-,u) 
W \h,£ + ,£~,u) = u\h,£ + ,£-,u) 

(5 - 28) 

where A$ T = A^ 1 =F iA^ 2 , Aq T = Aq 1 t iA^ 2 . 

The states belonging to the "vacuum representation" of the N = 4 SCA 
for a given h,£ + ,£~ and u will be denoted as 

\h, £f, £% , u) which satisfy 

^4jj~ 3 |/i, £^, £3 , u) = £^\h,£^,£ 3 , u) 

(5 - 29) 

where £\ = -£+, -£+ + 1, ...,£+ - 1,£ + and q = -£~,-£~ + 1, . . . ,tr - 

Any generalization of the concept of a chiral or anti-chiral primary ring 
to N = 4 SCAs must yield the standard definitions when truncated to the 
N = 2 subalgebra. For example, the two supersymmetry generators G + and 
G~ generate an N = 2 subalgebra 

{G+, G-} = L r+S + l(r - s) J r+S + ^(r 2 - ±)5 r+s , (5 - 30) 
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where the U(l) current J(z) is given by 

J(z) = l[k-A +3 (z) + k + A^(z)} (5-31) 

When one looks for chiral primary states of the N = 2 subalgebra among 
the states belonging to the highest weight representation of the N = 4 SCA, 
one is generally led to the trivial solution with h = 0. This comes about 
because the highest weight condition for the N = 4 algebra requires that 
the highest weight state be a Fock vacuum of the four fermions Q. Such a 
restriction has no counterpart for the N = 2 subalgebra. In fact, one can 
show that the N = 2 generators can be decomposed as follows [K4| 



T(z) = T(z)+T Q (z) 
G+{z) = G+{z) + G+(z) 

(5 - 32) 

G-(z) = G-(z) + G Q (z) 

J{z) = J(z) + J Q {z) 

where the operator product of the hatted operators with those labelled by 
Q are regular. The generators Tq, G%, and Jq are defined by a "matter 
multiplet® of the N = 2 algebra Q: 

T Q( Z ) = -\{AA + 8QQ + dQQ)(z) 



where 



G+ Q = ~7=2 A Q^ 
G Q = ~T2 AQ{Z) 

Jq = -QQ{z) 

A = -Jl(A +z -A~ 3 + iW) 



(5 - 33) 



A = Jl(A+ 3 - A~ 3 -iW) 



(5 - 34) 
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Now if we denote the eigenvalues of To, Tq , Jq and Jq as h, Iiq, q and 
respectively we have from the results of || 



h 
he 



> M 

— 2 



> 



To have h = -y- we must then have h = -y- and h,Q 



\iq\ 



(5 - 35) 



i^i. On the highest 



weight representation space of the N = 4 SCA we find that qQ = 0, which 
requires that Kq = for the chiral primary states. Hence there is no non- 
trivial contribution from the matter sector to the chiral primary rings of the 
N = 2 subalgebra. Therefore in looking for chiral primary states we need 
only to restrict ourselves to the N = 2 SCA generated by T, G and J. 

There is another truncation of the N = 4 SCA to an = 2 subalgebra 
independent of the above one [34]. It is the N = 2 subalgebra generated by 
G +K and G~ K 



{Gt K ,Gf K } = T r+S + i(r - s)J' r+s + -Ar 2 ~ ~H 



r+s,0 



where 

J>(z) = ~(k-A+-k+Az)(z) 
Again the N = 2 generators can be decomposed as 

T{z) = f'{z)+T QI (z) 

G +K (z) = G +K (z) + Gq^(z) 

G- K (z)=G- K (z) + G Q ?(z) 

J'(z) = J'(z) + J Q/ (z) 



(5 - 36) 
(5 - 37) 



(5 - 38) 
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In this case the "matter multiplet" is 



A'(z) = -Jt(A+ 3 + A~ 3 + iW)(z) 



A'(z) = Jf (A+ 3 + A~ 3 - iW){z) 

(5 - 39) 

Q\z) = j= k Q +K (z) 

Q'(z) = j= k Q- K (z) 

To find non-trivial solution for the conditions defining the chiral primary 
states we need again to resrict ourselves to the hatted N = 2 subalgebra 
generated by f'(z), G +K {z), &- K {z) and J'{z). 

Since we have two independent N = 2 subalgebras of the N = 4 SCA 
(up to automorphisms) the natural generalization of the concept of chirality 
or anti-chirality to the N = 4 case would be to look for states that are chiral 
or anti-chiral with respect to both N = 2 subalgebras. Thus we can define 
four rings in the N = A case namely the (cc), (aa), (ca), and (ac) rings []. 
We shall refer to the subalgebras generated by {T, G, J} and by {T 1 , G',J'} 
as the first and the second N = 2 superconformal algebra, repectively. The 
(cc) ring corresponds to the primary states \<j>) of the N = 4 SCA which 
satisfy 

G\\<f>) = G+f |0) =0 (5-40) 

2 2 

The (aa) ring is defined by primary states \cp) satisfying 

G-_ 1 \4>) = G-J\4>)=Q (5-41) 

2 2 

The (ca) ring is defined by 

G\\4>) = G-J\4>)=Q (5-42) 



and the (ac) ring by 



-K 

_ l 

2 2 



(?: i |0) = G+f|0)=O (5-43) 



Thus if we take both left and right-moving sectors into account we have 16 
different rings, eight of which are conjugates to the other eight. We shall 



4 note these are not to be confused with the (c,c), (a,a), (c,a), and (a,c) rings of an 
N = 2 SCA when are considers both left- and right-moving sectors 
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first give an analysis of these rings within the "massless representations" of 



the N = 4 SCA's for which a complete treatment was given in [34|. Later 
we shall prove that massless representations yield all possible rings of the 
N = 4 SCAs. In [Q] massless representations were defined by the condition 

G+Jhws) = (5-44) 

2 

where \hws) stands for a highest weight vector of the of the non-linear N = 4 
algebra one obtains by factoring out the four dimension | operators and the 



U(l) current |34|, f3(| |37]]. G + is one of the supersymmetry generators of 
the nonlinear algebra. Furthermore , for given levels k + and k~ of the two 
SU(2) currents algebras of the N = 4 SCA, the allowed angular momentum 
quantum numbers £ + and i~ are 

r =o,i,i,...,i(fc--i) 

(5 - 45) 

£ + = 0,±,l,...,±(fc+-l) 

For k~ = 1 we have l~ = and the restriction to an N = 2 subalgebra 
leads to the minimal discrete series representations of the corresponding 
N = 2 subalgebra (with c < 3 or & < 3). The allowed eigenvalues q of Jo 
and h of To on the highest weight representations are 

n - 2 f + 
Q - (FTTp3 

(5 - 46) 

h = (i^iy{^ + + i) " (4) 2 } 

Thus the chiral primary states of the first N = 2 subalgebra are the states 
for which 

4 = £ + (5 - 47) 

and anti-chiral states are those for which 

£+ = -£+ (5 - 48) 

where £ + = 0, ^, 1, . . . , \{k + — 1). For the second N = 2 subalgebra we find 
the same conditions since 



q 
h! 



I _ 2 



(5 - 49) 

j^{£+(£+ + 1) - (it?) 
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for k~ = 1. Therefore for k~ = 1 and k + arbitrary we find that the (ca) and 
(ac) rings are trivial, consisting only of the identity element corresponding 
to the vacuum state with £ + = £~ = h = u = 0. The (cc) ring has the form 

(cc) = {l,x, ...,x p - 1 } (5-50) 

where p = 2k + — 1 and x p = 0. The (aa) ring is simply the conjugate of the 
(cc) ring. 

(aa) = {l,x,...,x p ~ 1 } (5-51) 

The other massless representation of the N = 4 SCA with k~ > 1 can be 
obtained from the coset space [Q 

SU(N-2USU(2 )X U(1) ® SU{2]XUW (5 - 52 > 

with the level of SU(N) taken at (k + — 1) and k~ = N — 1. The eigenvalues 
of Tq, Jq, T' and J' on the highest weight representation space are 



h 


= m + - 


• r) 2 


(^3 ^3 


) 2 + £r£ 4 


• + Jfc+. 


n 


q 














h! 


= m + - 


• r) 2 


" (4 + ^3" 


) 2 + Ar£ 4 


- + k + . 


n 


q' 


= |{k ^3 


-k+ 


<8> 









(5 - 53) 



Therefore the states in the highest weight representation that are chiral 
primary with respect to both N = 2 SCAs must satisfy 

( cc ) & r = 0, £+ = £+ (5 - 54) 

Similarly the states that are anti-chiral with respect to both N = 2 SCAs 
satisfy 

(aa) £~ = 0, t£ = -£ + (5 - 55) 

The states that are chiral (anti-chiral) with respect to the first N = 2 
subalgebra and anti-chiral (chiral) with respect to the second satisfy 

(ca) £+ = o, q = tr 

(5 - 56) 

(ac) & l + = 0, q = -£- 
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Hence we have the following rings of N = 4 SCAs 



(cc) 


= {l,av- 


.,x?- 


- 1 } 


(aa) 


= {M,-- 


.,xP~ 


- 1 } 


(ca) 


= {i,y,-- 


■ ,y q ~ 


- 1 } 


(ac) 


= {hy,-- 


■ ,y q ~ 





(5 - 57) 



with the restrictions 



x'P = 



2/? = 



(5 - 58) 



where p = 2k + — 1 and q = 2k~ — 1. 

Let us now prove that all the rings associated with N = 4 SCAs are 
of the above form. Consider for example a general (cc) ring. Any primary 
state belonging to the (cc) ring is annihilated by the operators G+i , G K f, 

2 2 

G7, and G\ K and hence by their anti-commutators 



{G + i,GT} 

2 2 


= f -i(A;-i +3 + fc+i 3 ) 


{G + f,G7 K } 

2 2 


= -^o ~~ \(k At 3 ~~ 3 ) 


{G+ G+f} 

2 2 


_ _fc" A++ 

- k A o 


{G + ! , Gt K } 

2 2 


- k ~ A ++ 

- k ^0 


{G + !,G7 X } 

2 2 


- k ^0 


{G7,G+f} 

2 2 


- 



(5 - 59) 



where the hatted currents 577(2)+ and SU{2) have levels (k + — 1) and 
(k~ — 1), respectively. It is obvious from the above that any state belonging 
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to the (cc) ring must be an SU (2) singlet and satisfy 

£+ =£+,£- =0 

h= k -l+ = Z (5 - 60) 

h = h' ,q = q' 

Similarly we find that any state belonging to the (aa) ring must be annilhi- 
lated by G~i, G~±, Gt, G\ K and their anti-commutators, which leads to 

~ 2 ~ 2 2 2 

the conditions 

— 5 £ — 

h =k F i+ = "I ( 5 - 61 ) 

h = h'; q = q' 

For the (ca) ring we find that the corresponding primary states must 
satisfy 

£^ — £ ; — 

h = ¥ r = I ( 5 - 62 ) 

h = h! , q = —q' 

and for the (ac) ring 

— j $ — 

^ = lr r = -f ( 5 - 63 ) 

h = h! , q = — <f 

The allowed angular momentum quantum numbers £ + and i~ are 

£ + = 0, 5, . . . , — 1) 

(5 - 64) 

r =0,i,...,i(/c--l) 

Therefore the rings we obtained from the massless unitary highest weight 
representations of the N = 4 SCA exhausts all the allowed values of the 
quantum numbers and is complete. 
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